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The Sequence@orvex Subtaction (SCS)algorithmfor Construc-
tive Solid Geometry(CSG) sequentiallysubtractonvex volumes
from the z-buffer. The performancef the algorithmis determined
by thelengthof the subtractionrsequenceised. View-independent
subtractiorsequenceareO n? in length. Thesecanbereducedo
O kn if the maximumdepthcompleity k, which rangeshetween
1 andn, is known or canbedetermined.

We presentanimprovementto subtractionsequencgeneration
which usesobject spaceoverlapinformationto give O n length
sequencesn the bestcaseand (unchanged)O n? sequencein
the worst case. The approachis basedon what we term an over
lap graph We alsodiscussa unifying approachcombiningover-
lap graphbasedprocessingvith the Sequence@onvex Subtraction
(SCS)CSGrenderingalgorithm. Finally, we presenexperimental
resultswhich shav performancemprovements dependingon the
spatialarrangementsf objects.

CR Categories: 1.3.5 [ComputerGraphics]: GeometricAlgo-
rithms, Languagesand Systemd.3.3 [ComputerGraphics]: Dis-
play Algorithms 1.3.7 [ComputerGraphics]: Visible Line/Surface
Algorithms
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The Sequence@onvex Subtaction (SCS)algorithm[Stevart et al.
2000; Stewart et al. 2002] is an image-spacepproachto CSG
rendering. The algorithmutilisesan O n algorithmfor intersec-
tion of corvex objectsandan O n? algorithmfor subtractionof
corvex objects[Stevart et al. 2002]. Previous image-spaceCSG
renderingalgorithms[Epsteiret al. 1989; Goldfeatheret al. 1989;
Wiegand1996]rely on multiple z-buffers, extendedz-testingor z-
buffer copying. The SCSalgorithmaimsto maximiseperformance
by increaseditilisation of high-performancgolygonrasterisation,
which is typically a fastpath, ratherthanz-buffer copying, which
is typically aslow path[Wegand1996;Stavartetal. 1998;Stavart
etal.2000].
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In this paperwe presentan approachwhich resultsin faster
subtractionof large numbersof convex objectsfrom the z-buffer.
Object-spacentersectiondetection(spatial overlap) is usedas a
meansof producingshortersubtractiorsequencedn the bestcase
subtractionsequencesf lengthO n canbe determinedbasedon
the spatial arrangemenbf objects— an improvementover the
O n? sequencewhich would otherwisebe needed.In the worst
casethesubtractiorsequencéengthremainshesame.

Theoverlap graphwhich storesspatialintersectiorinformation
andis the basisof our improved approachs introducedin Section
2. Propertief the overlapgraphwe usearediscussedn Section
3, including methodsfor encodingsubtractionsequencesln Sec-
tion 4 a completealgorithmis presentedor encodingsubtraction
sequencefom overlapgraphs.Experimentatesultsanda perfor
mancecomparsiorare presentedn Section5. Finally, concluding
remarksaregivenin Section6.

The SCSalgorithmrequiresa subtractionsequencdor eachsepa-
rateCSGproduct. Any CSGtreecanberepresentedsa union of
products— termedsum-of-poduct$Goldfeatheretal. 1989]form.
CSGtreenormalisations the processof corvertinga CSGtreeto
sum-of-productform. CSG productsconsistonly of intersections
andsubtractions.

We usewhatwe term an overlap graph to representhe spatial
relationshipof the objectsin a CSG product. Nodesin the graph
correspondo shapeor objectswhile edgesin the graphindicate
spatialoverlap(thatis, spatialintersectionbetweerobjects.Nodes
andedgesareremovedfrom thegraphasthegraphis processeéhto
asubtractiorsequenceAspectsof this processingredescribedn
Section3.

Our approachdoesnot requirea perfectoverlap graph. Extra
edgesn theoverlapgrapharepermissiblebut mayresultin longer
subtractionrsequenceandtherebydegradethe performanceof the
SCSCSGrenderingalgorithm. Extraedgegfalsepositives)in the
overlapgraphoccurwhenoverlap detectionis basedon bounding
volumes. We use boundingvolumesto build the overlap graph.
More efcient approachegor intersectiondetectionare available
but overlapgraphconstructioris notthefocushere.

In this sectionwe introducegraphtheoryterminologyandnotation
usedin ourwork[Diestal2000].

A graphG V E is asetof nodesV anda setof edgesE.
Edgesconnectpairsof nodesin the graph. The order of a graph,
denotedG isthenumberof nodesn agraph.Thenumberof edges
in agraphis denoted G .

If v V,e Eandv e thenthenodev is anendof edgee,
edgeeis incidentonv, ande is anedgeat nodev. Two nodesx y
areadjacentif xy is anedgeof G. Two edgesareadjacentif they
have anendin common.Thedegreeof anoded v is the number



of edgesincidentat v. Nodesof degreezeroaretermedisolated
Nodesof degreeonearecalledleaves

A pathisagraphP  V E linking two endnodesvia interme-
diatenodesandedges.The degreeof the endnodesin a pathis 1
andthe degreeof theintermediatenodesis 2. Thelengthof a path
is the numberof edges.A cycleis agraphC  V E connecting
thenodesof thecycleV into aloop alongtheedge<sE. Thedegree
of thenodesin acycle is 2. Thelengthof a cycle is the numberof
nodesor edgesA graphcontainingacycleis cyclic. A cyclic graph
consistedf only onecycleis calledaring. A graphcontainingno
cyclesis acyclic

A graphis connectedf every pair of nodesis connectecby a
pathin G. Otherwise,the graphis disconnected If U is a setof
nodes,G U is obtainedby deletingall the nodesin U V and
theirincidentedges.

Ouroverlapgraphisimplementedn C++asanadjaceng-list using
the standardibrary vectorand maptemplatedcontainers.Use of
a sparserepresentations basedon the assumptiorthat thereare
generallyfew edgesat eachnode. Sparsegraphsare morelikely
to resultin shortsubtractionrsequencesWe expectthatreal-world
applicationgypically resultin sparsegraphs.

Theimplementatiorusesa std::\vectorof std::mapspnemapfor
eachnodein the graph.Eachmapis a balancedreeof edgesnci-
denton a particularnode. Eachedgeis storedat both endnodes.
Theclassinterfacesupporteedgeadditionandnoderemoval. Node
degreeandedgelist queriesareef cient.

Our own shapeintersectiontestingroutineshave beenusedfor
overlap graphinitialisation. In principle one of the available col-
lision detectionlibraries[Coheret al. 1995] could be usedas an
alternatve. Optimisationof this aspectwasnot pursuedn thisin-
vestigationdue to our focus on perframe performance. Overlap
graphconstructioris usuallya onceoff pre-processingtep.

The overlap graphcontainsinformationaboutthe spatialrelation-
ship of the objectsin a CSGtree. This sectionpresentsseveral
propertiesof overlapgraphsthat canbe usedto constructsubtrac-
tion sequencefor the SCSCSGrenderingalgorithm.

The aim of overlap graphprocessings to embedall necessary
sequencem acombinedsubtractiorsequenceAn optimalsubtrac-
tion sequencés in front-to-backorder requiringa linearsequence
of subtractionstepsto achieve the correctresult. The focusof this
work is to utilise overlapinformationratherthansorting. Theaim
is to embedevery graphpathin a subtractionsequence®f minimal
length. Eachpathrepresents potentialsequencef subtractions
necessarjor ensuringthe correctlyrenderedesult.

For a CSG productto be non-empty all intersectedbjectsin the
productmustoverlapall otherintersectedbjectsin the product.If
ary pair of intersectedbjectsin the productdo not overlap then
thewhole productis emptyandno renderings required.

Algorithm 1 IntersectedbjectsCheck

empty false
for all pairsof intersectedbjects:i andj do

if i and j arenotoverlappingthen
empty true CSGproductis empty
stop No furtherprocessingequired

Surfacesf subtracteabjectsin the CSGproductmustbeinsideall
intersectedbjectsin the productto be visible. Subtractedbjects
in the productnot overlappingall intersecteabjectsin the product
areexternalandcanbe omittedfrom the subtractiorsequence.

In theexamplein Figurel, acylinderis subtractedrom arectan-
gularblock. Thecylinder andblock do not overlap,sothecylinder
neednot be subtracted The resultingsubtractionrsequencéor the
setof externalnodesis empty This procesds analogougo view-
frustum culling — only subtractedbbjectsoverlappingparticular
areaf interestneedto proceedo subsequerprocessingteps.

Algorithm 2 ExternalSubtractedbjects

for all subtractedbjects:i do
for all intersectedbjects:j do
if i andj arenotoverlappingthen
remove i from overlapgraph i is externalandnot visi-
ble

Intersecteabjectsin the CSGproductarenotincludedin subtrac-
tion sequencesThe previoustwo testsmake useof the spatialover-

lap of intersectedbjectsin the product.Intersectedbjectsarere-

movedfrom the overlapgraphatthis stagesincethereis no further
usefor thisinformation.

Leaf nodesarethosehaving a degreeof one(connectedy one
edgeonly) — andrepresensubtractedbjectswhich only overlap
oneothersubtracteabjectin theoverlapgraph.Leafnoderemoval
canresultin new leaf nodes,a cyclic graph,isolatednodes,or an
emptygraph. A setof removedleaf nodesis referredto asa trim.
Theoverlapgraphis trimmeduntil no furthertrimmingis possible,
resultingin asetof trims: T, T,  Tn. Repeatedrimming results
in eithera cyclic graph,isolatednodespr anemptygraph.

In theexamplein Figure2, threecylindersaresubtractedrom a
rectangulablock. Thetwo outercylindersaretrimmedasleavesin
the rst pass.

Subtractionrsequencencodingis basedon the obsenation that
necessargequence®f subtractionproceedfrom the outertrims



Algorithm 3 LeafNodes

pass 1

while leafnodesexist do
Toass leaves
remove Tpassfrom overlapgraph
pass pass 1

towardsthe innertrims andthenbackout towardsthe outertrims.
Denoting$S, G asthe subtractionrsequencéor the graph

) yclic “cyclic ; k
resultingfrom leaf trimming, the subtractionsequence, . is:
Tl TZ Tn Scyclic chclic Tn TZ Tl'

In theexamplein Figure2, T, AC andSCyclic B. Thecom-

binedsubtractionsequencés: ACBAC. Eachleaf nodeappearsn
thesubtractiorsequencéwice, resultingin O n lengthsubtraction
sequencefor completelyagyclic graphs.

Repeatedeaf nodetrimming resultsin eithera cyclic graphor an
emptygraph. Cyclic graphsforming a ring areidenti ed anden-
codedindividually. In the examplein Figure3, four cylinderssub-
tractedfrom arectangulablock form aring in the overlapgraph.

A ring is formed by a setof nodeswith degreetwo connected
with edgesthat form a loop. The following algorithmis usedto
nd aring in anoverlapgraph:

Algorithm 4 Ring Graphs

for all nodesof degreetwo: i do
j  overlappingnodeof i
Ry i
R, ]
k 1
while degreeof R, is two do
ned  urvisitedoverlappingnodeof R,
if ned is R, then
remoeR, R, fromoverlapgraph
C':‘ring RO
stop
k k1

R, ned

Subtractiorsequencefor ring graphsneedto includeall clock-
wise andanti-clockwisetraversalsof thering. All traversalsin one
directionareencodedn the sequencd&R; R.RyR; R, ;, and
in theotherdirectionR, R;R,Rn R;. Thelengthof eachof these
sequencess 2n 1. Combiningthe sequences eachdirection,
thelengthof ring subtractiorsequences 4n 2.

Graph nodesprocesseds rings appearin the subtractionse-
quenceup to 4 times, resultingin subtractionsequencesf O n
length.

%

An overlapgraphmay be disconnectedthatis, composedf sepa-
rateconnecteccomponents Eachconnectedcomponents treated
individually when convertedto a subtractionsequence.Thereis

no needto embedsequencebetweendisconnecteghortionsof the
overlapgraph.

Individual connecteccomponentxan be identi ed by starting
from ary node and traversingall the knovn edgesuntil no new
nodescanbefound. Thiscanbeimplementediseitheradepth- rst
or breadth- rsttraversal.

Eachcomponentanbe encodedseparatelyand combinedinto
aconcatenatedubtractiorsequencevithout concernfor the order
Separateonnecteaomponentsn the overlapgraphhave nointer-
dependenceFigure 4 illustratessix subtractedbjectsforming a
disconnectedraphwith two connectedomponents.

Isolatedoverlapgraphnodeqthosewith adegreeof zero)canbe
treatedastrivial connecteccomponentsThe subtractionrsequence
for anisolatednodeis simplythenodeitself — theobjectneedonly
be subtractednceto ensurethe correctlyrenderedesult.

Cyclic graphsthatarenotringsareencodedaseitherO n? view-

independenpr O kn view-dependentfimage-spacesubtraction
sequences.Theseencodingalgorithmshave beendescribedpre-
viously[Stevartetal. 2000;Erraetal. 2001;Stevartetal. 2002].

In the examplein Figure 5, the four subtractedcylinders are
overlappingall the othercylinders. None of the nodesare exter-
nal to the block or areleaf nodes.Also, the cylindersdo not form
aring. In this caseeithera O n? view-independenbr a O kn
view-dependensubtractiorsequencenustbe used.



The SCSCSGrenderingalgorithmoperatesn four generaphases:

CSGtreenormalisation[Goldfeathest al. 1989]
Overlapgraphconstruction
Subtractiorsequencencoding

Rendering[Stevart etal. 2002]

Typically, the lasttwo stepsare performedfor every frame. If
the viewing direction doesnot changebetweenframes,thenonly
the renderingphaseneedsto be repeated.This sectionfocuseson
the third phase:subtractiorsequencencoding. This is wherethe
improvementsfor CSGrenderingfrom usingobject-spaceverlap
informationarise.

Algorithm 5 combinesthe methodsin Section3 to producea sub-
tractionsequence given an overlapgraphG andthe viewing di-
rection.

Algorithm 5 OverlapGraphSubtractionSequenc&ncoding
Emptyintersection

for all pairsof intersectedbjects:i andj do
if i and j arenotoverlappingthen
S f
stop

Externalsubtracteabjects
for all subtracteabjects:i do
for all intersectedbjects:j do
if i andj arenotoverlappingthen
removei from overlapgraph
Leafnodes
for all leaftrims: T; do
remove T, from overlapgraph
Ring graphs
for all ring sub-graphsG;, do
remove G, from overlapgraph

Snner Snner a'ing Gring

Cyclic connectedyraphs
for all connectedtyclic graph:G
remove G

do

cyclic

cyclic from overlapgraph
Snner Snner Scyclic chclic

Combinedsubtractiorsequence

S Tl T2 Tn Snner Tn T2 Tl

Subtractiorsequencencodings illustratedin Figure6. Nine sub-
tractedobjectsaretestedfor mutualintersectiorandform theover
lap graphin Figure6(a). Intersectechodesarenot shavn — empty
intersectionand external subtractedbjecttestshave alreadybeen
applied. Theresultof the rst leaf trimming passis illustratedin
Figure6(b). Four leaf nodesareremovedin total, which form the

(a) Initial overlapgraph

(b) Firstleaftrimming pass

(c) Secondeaftrimming pass

Figure6: OverlapGraphSequenc&ncodingExample

pre x andpost x of the combinedsubtractionsequenceThe sec-
ondtrimming passremovesanadditionalleaf nodeasillustratedin
Figure6(c). Now thatno furtherleavesexist in the overlapgraph,
cyclic connectedjraphsareconsideredThering graphof sizethree
is encodedasthe rst partof the inner subtractionsequence.Fi-
nally, the remaining(isolated)nodeis addedto the inner subtrac-
tion sequenceln this casethe lengthof the combinedsubtraction
sequencés O n andno depthcompleity samplingis necessary

The combinedsequencés formedby surroundingthe encoded
cyclic graphswith theleaftrims:

Tl T2 Sring Gring Ssolated C':‘isolated T2 Tl

Resultsfor two experimentsare presentedn this section. The
lengthof subtractiorsequencefor image-spacandoverlapgraph
encodingalgorithms are comparedby using a proceduralswiss
chees€€SGmodel.In thesecondexperimenta 3-axismilling sim-
ulationis usedto examinethe real-world performanceof subtrac-
tion sequencencodingandrendering.

Our previous CSG rendering implementation[Steart et al.
2002]hasbeenextendedo includeoverlapgraphintersectiortest-
ing and subtractionsequenc@eneration. Theseare implemented
as a C++[Stroustrup1997] classlibrary using the standardC++
templatdibrary[Josuttis1999],OpenGL[Wbo et al. 1999;Shreiner
1999] and GLUTIKilgard 1996]. The experimentalplatform is
a 1.6GHzIntel Pentium4, 256MB RAM, RedHatLinux 7.3 and
NVIDIA GeForcedTi 4200graphicshardware. The implementa-
tion is alsoportableto Windows andotherUNIX platforms.Exper
imentswereconductedisinga 800x600pixel OpenGLwindow, 24
bit z-buffer and8-bit stencilbuffer.

Overlap graphconstructionand performanceare not the focus
of this work. Our implementationusing spatial subdvision was
sufcient for the purposeof the experimentgeportedhere.
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Figure7: ProceduraBwissCheese
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Figure8: SwissCheese&ubtractiorSequences

The swisscheese€CSG modelis generategrocedurally The user
suppliesa speci cationof the numberandmaximumsizeof holes,
anda seedfor the randomnumbergeneratar In this experiment,
themaximumsizeof holesandrandomnumbersequencare x ed,
andthe numberof holesvariedbetweenl0 and200. The modelis
illustratedin Figure7 with 50,100and200holes.

Tablel liststheminimum,maximumandaveragesubtractiorse-
guencdengthsfor swisscheeseavith up to two hundrecholes.The
sequencdengthswere obtainedby observingone thousandran-
domviewing directions.Image-spacsubtractiorsequencéengths
areplottedin Figure8(a),andoverlapgraphobject-spacsequence
lengthsareplottedin Figure8(b). Theimprovementof the overlap
graphobject-spacsequencevertheimage-spacsequencéor the
meansequencéengthis plottedasanimprovementfactorin Figure
8(c).

Theseresultsindicatethat object-spaceverlap graphsubtrac-
tion sequenceare consistentlyshorter The minimum, maximum
andaveragecasecharacteristicaresimilar. In Figure8(c)for small
n, sequencéengthimprovementfactorsof betweentwo andthree
areobsered. As n approache80, therelative advantagedropsdra-
maticallyandapproacheanasymptotet unity asn increasesThis
re ects the fact that asthe numberof holesincreaseghe overlap
graphbecomesnoredenseandcyclic andthe opportunityfor leaf
nodepruningdiminishes Overlapgraphsubtractiorsequencewill
never belonger sincein the worst casethe image-spacencoding
algorithmis used.

To summarisethe swisscheesaxperimentcon rms the adwan-
tageof overlapgraphsubtractiorsequencencodingwith substan-
tially shortersequencepossiblefor sparseoverlapgraphs.

n Image-spaceequence|| Overlapgraphsequence
min | max| mean| min | max| mean
20 58 115 78.3 30 30 30.0

40 157 | 391 | 2524 83| 143 103.0
60 355 | 709 | 462.9 164 | 301 208.3
80 554 | 1107 | 759.6 349 | 749 505.6
100 793 | 1684 | 1143.0| 628 | 1212 867.1
120 || 1072 | 2024 | 1468.4| 876 | 1520 | 1159.7
140 || 1530 | 2642 | 1993.4 | 1351 | 2311 | 1737.9
160 || 1750 | 3340 | 2476.2|| 1570 | 2970 | 2196.9
180 || 2328 | 4118 | 3068.5| 2146 | 3776 | 2816.7

200 || 2986 | 4976 | 3777.0| 2788 | 4628 | 3517.2

Tablel: SwissCheeseequencéength
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Figure9: Simulated3-Axis Drilling

This experimentconsidersa simulated 3-axis drilling scenario.
User speci ed parameterdor the numberand maximum ize of
holesare usedto randomlygenerateadrilled holesof variedradius
andposition. The modelis illustratedin Figure9 with 50, 100and
200holes.

Thisexperimenfocusesntimeratherthansequencéengthand
examinegheprocessingverheacdf object-spaceverlapgraphse-
guenceencoding.Table2 lists the encodingtime andtotal time for
3-axisdrilling modelswith up to two hundredholes.Onethousand
randomviewing directionswere sampledfor image-spacéased
andoverlapgraphbasedsequencencodingmethodsImage-space
renderingtimesareplottedin Figure10(a),andoverlapgraphren-
deringtimesareplottedin Figure10(b). Therelative performance
of overlapgraphCSGrenderingis plotted asa speed-ugfactorin
Figure10(c). The proportionof CPUtime spentencodingsubtrac-
tion sequencess plottedasa percentagén Figurell.

For n upto 40all nodesareprocesseth leaftrimming resulting
in noneedfor depthcompleity sampling.Overlapgraphsequence
encodingis particularly advantageousn thesecasesresultingin
overall speedup®f betweenthreeand four. As drill holesstart
forming cyclic clustersfor 60 n 90 executiontime for overlap-
graphencodingincreasesn both absoluteandrelative terms. For
n 100 overlap graphencodingtime decreasessthe modelbe-
comesincreasinglydenseandcyclic. As the opportunityfor leaf
trimmingandring nding diminish,theoverall performancef both
approachesonverge.

Image-space OverlapGraph
n encode]| render| total encode| render| total
20 14.4 14.1] 28.5 0.3 7.4 7.6
40 15.9 37.9| 53.8 0.7 15.7| 16.4
60 17.3 70.0| 87.3 14.8 28.3| 43.0
80 18.7 | 117.1| 135.8 70.1 57.4| 127.4
100 20.3| 166.9| 187.3 85.8 83.9| 169.7
120 21.6 | 245.8| 267.4 76.5 | 154.2| 230.7
140 23.3| 310.1| 333.3 55.1| 232.9| 288.0
160 25.0| 392.6| 417.6 46.4 | 323.0| 369.3
180 26.1 | 474.8| 500.9 37.8| 457.6| 495.4
200 27.6 | 571.9| 599.5 42.2 | 554.1| 596.3

Table2: Three-axisTiming Results(msec)
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70 T

\ ‘overlab grapH encoding -
60 F image-space encoding ---x---

50

40 +

30

CPU percentage (%)

20

10 |

0 20 40 60 80 100 120 140 160 180 200
number of holes

Figurell: Three-axisRelatve EncodingTime

For overlapgraphsequencencoding thefraction of time spent
encodingthe subtractionsequenceeaksat nearly 60%, but still
resultsin anoverall speedup.In theseexperimentsthe perframe
overlapgraphencodingiime is alwaysmorethanoffsetby the per
formancebene t of shortersubtractionsequencesStencil buffer
copying relatedto depthcompleity samplinghasbeenobsened
to be a bottleneckat higherresolutionsghan800x600. The sizeat
which stencil buffer copying becomeghe bottleneckdependson
the relative rasterisatiorandbuffer copying performanceof a par
ticular platform.

To summarisethe 3-axis drilling experimentdemonstratean
overall perframespeedupdespitesomeextra time spentencoding
overlap graph subtractionsequences.Substantiallyhigher frame
ratesarepossiblefor sparseoverlapgraphs.

Object-spaceoverlap graphtechniquescan be bene cial for de-
creasinghelengthof SCSsubtractiorsequencedn the bestcase,
O n subtractionsequencesanbe determined.In the worst case,
O kn subtractionsequencesre still necessary CSG treescom-
posedof relatively sparseandevenly distributedobjectsespecially
bene t from this approachyhile denseor clusteredCSGtreesmay
not.

Overlapgraphsequencencodingaddsanadditionalstepto the

SCSalgorithmthatoften resultsin improved overall performance.

Speed-upactorsof up to threehave beenobsened experimentally

Thereis scopefor extendingthesetechniquego cyclic graphen-
coding.Graphgpresentingelatively few opportunitiefor leafnode
trimming couldbeapproachedby eithergroupingnodesor by con-
sideringfurtherobject-spacénformationaboutadjacenciesuchas
locationandorientation.

Object-spacecollision algorithmssuchas I-COLLIDE[Cohen
et al. 1995] could be combinedwith the SCSCSG renderingal-
gorithmfor dynamicandinteractive CSGtrees.Suchmodelscould
be dynamicin termsof the position and shapeof objects,or the
arrangementf objectsin the CSGtree.

Useof the stencilbuffer for depthcompleity samplingis a po-
tentialbottleneckfor graphsconsistingof mary cyclic clusters.For
eachdisconnectedjraphthe stencilbuffer is readinto mainmem-
ory for analysis Alternative algorithmsmay needinvestigation.
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