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ABSTRACT

TheSequencedConvexSubtraction(SCS)algorithmis ahardwarebasedmulti-passimage-spacealgorithm
for generalpurposeConstructiveSolid Geometry(CSG)Rendering.Convex objectscombinedby volu-
metric intersection,differenceandunionarerenderedin real-timewithout b-reppre-processing.OpenGL
stencilanddepthtestingis usedto determinethevisiblesurfacefor eachpixel on thescreen.
This paperintroducesa specialisedalgorithmfor CSGRenderingof intersectedconvex objects,we call
SCS-Intersect.This new techniquerequireslinear time with respectto thenumberof intersections.SCS-
Intersectis primarily of interestasanoptimisationto theSCSalgorithmfor renderingCSGtreesof convex
objects.A revisedformulationof theSCSCSGRenderingalgorithmis presentedin this paper.

Keywords: CSGRendering,RenderingAlgorithms,Constructive Solid Geometry, OpenGL,Solid Mod-
elling, NumericalControl(NC) Veri�cation.

1 INTRODUCTION

As the performanceof graphicshardwareimproves,
multi-pass rendering techniquesfor anti-aliasing,
shadowing,specularlight, re�ection andothereffects
becomeincreasinglyattractive for enhancingthe vi-
sual realismof real-timeinteractive graphics. Over
time, the graphicshardware feature-sethasevolved
to includestencil testingandprogrammabilityat the
vertex and fragmentlevel. This increased�e xibil-
ity andperformanceenablestheuseof sophisticated
graphics-hardware basedalgorithms for interactive
applications.

The pervasive availability of z-buffer hardware for
hidden surface elimination has encouragedthe de-
velopment of alternative applications of z-buffer
graphics hardware. Applications include image
compositing, shadow maps, voxelisation, discrete
Voronoi diagrams,object reconstruction,symmetry
detectionand ConstructiveSolid Geometry(CSG)
rendering[Theoh01].

Image-spaceCSGrenderingtechniquesprovideanal-
ternativeto object-spaceevaluation[Requi85] of CSG
treesfor geometricdesignor machiningsimulation.
Therelativesimplicity androbustnessof implementa-
tion, theinteractive �e xibility of dynamicCSGtrees,
and the potential for pixel parallelisation[Molna88]
make image-spacealgorithmsattractive for someap-
plications.

ExistingCSGrenderingmethods[Goldf89, Wiega96,
Rappo97, Stewa00] generally require
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time,
where

�

is the numberof leaf nodesin the CSG
tree. This
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�

requirementis due to the gen-
eral strategy of comparing every pair of objects.
This canbe improved by taking advantageof depth
complexity[Stewa98] (the number of objects cov-
ering each pixel) — resulting in
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���

execu-
tion time, where

�

is the maximum depth com-
plexity. The SequencedConvex Subtraction (SCS)
algorithm[Stewa00] aims to improve CSG perfor-
manceby reducingtherequirementfor z-buffer copy-
ing — a commonbottleneckin contemporarygraph-
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icshardware[Wiega96, Stewa98, Stewa00].

This paper introducesa new approachfor render-
ing the intersectionof convex objectsin linear time,
that we call SCS-Intersect. It has been imple-
mentedusing the z and stencil testingfunctionality
of OpenGL[Boarda, Boardb]. SCS-Intersectcan be
usedasastand-alonealgorithmfor CSGtreesof con-
vex objectsin theform:
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. It canalso
beutilised in a moregeneral-purposeCSGrendering
algorithmsuchasSCS[Stewa00].

The SCS-Intersectalgorithm is describedin Sec-
tion 2, including sometiming results for NVIDIA
GeForce3hardware. Section3 re�nes theSCSCSG
rendering algorithm, incorporating SCS-Intersect.
Section4 presentssomeSCStiming resultsfor CSG
treesincludingintersectionandsubtraction,followed
by a conclusionandfuturework in Section5.

2 SCS-INTERSECT

Theintersectionof two objects
���

� is thevolume
containedby both

�

and � . In termsof surfaces,
the intersectionis surfacesof

�

inside � and sur-
facesof � inside

�

. The SCS-Intersectalgorithm
usesOpenGLto rendertheintersectionof any number
of convex objects:

�
�

�
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Algorithms limited to convex objectsoften have ad-
vantagesin terms of robustnessand performance.

Graphicshardwaretypically rasterisesonly triangles,
and relieson layersof software for triangle tessela-
tionsof convex andconcave polygons.Similarly, the
SCSalgorithmsassumeCSGtreesof convex objects,
andrely ontheapplicationto performconvex decom-
positionwherenecessary[Stewa00].

Convex objectscharacteristicallyhave two distinct
surfacesfor eachpixel - a “near” front-facingsurface,
anda “f ar” back-facingsurface. TheOpenGLback-
faceculling mechanismprovidesa convenientmech-
anism for restricting rasterisationto either front or
back-facingpolygons.It alsoensuresthatwith culling
enabled,thereis at mostonefragmentper pixel, per
object.Thenumberof fragmentsprocessedat a pixel
thereforecorrespondsto thenumberof objectscover-
ing thatpixel.

Using OpenGL, the closestvisible surface of the
booleanintersectionof a set of convex objects is
formed in the z-buffer. An additional passis per-
formedwith a z-equalz-testto determinethe colour
of eachpixel.

2.1 Algorithm

The image-spaceintersection algorithm uses two
principles. First, only the furthest front-facingsur-
facecan be volumetrically inside all of the objects.
Closerfront-facingsurfacescannotbevolumetrically
insidemoredistantobjects.Second,the intersection
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Figure2: Applicationof SCS-Intersectto Cylinders

surfacemustbein front of
�

back-facingsurfaces.If
any back-facingsurfaceis closerthanthecandidatez-
bufferpixel, thenthepixel can't possiblybeinsidethe
intersection.If thedepth-complexity of a pixel is less
than

�

, thenit can't possiblybeinsideall
�

objects.

Thesetwo ideasareimplementedasa multi-passal-
gorithm with appropriatelycon�gured z and stencil
tests.

SCS-Intersect:
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number of intersected objects
for each pixel
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for each intersected object,
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if 
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To begin with, thez-buffer is initialisedto
�,�-�
	��

, and
thestencilbuffer resetto zero.Thenthefurthestfront
facingsurfaceis drawn into thez-buffer by rasterising
with az-greatertest.Thestencilbuffer is thenusedto
count the numberof back-facingobjectsbehindthe
z-buffer. Finally, all pixels that do not have

�

back-
facingsurfacesbehindthez-buffer areresetto

�.�
	��

.

Theintersectionof two cylindersis illustratedin Fig-
ure 1. In the z-buffer diagrams,black is nearand
white is far. In thestencil-buffer diagramswhite, red
andgreendenotevaluesof 0, 1 and2 respectively.

2.2 Limitations

A maximumof /-021

*

surfacescanbecountedwith an

 -bit stencilbuffer. Onhardwarewith an8-bit stencil
buffer, the algorithm is thereforelimited to 255 in-
tersectedobjects.However, thelast two passescould
be incorporatedinto a loop to check /3041

*

surfaces
at a time, at the expenseof extra passes.We expect
thata limitation of 255surfacesfor an8-bit stencilis
reasonablefor mostpracticalpurposes.

2.3 OpenGL Implementation

Thefollowing C codefragmentimplementstheSCS-
Intersectalgorithm in OpenGL.Figure 2 illustrates
theresultof intersectingincreasingnumbersof cylin-
ders.

/* Clear frame-buffer */

glClearDepth(0.0);
glDepthMask(GL_TRUE);
glClearStencil(0);
glStencilMask(˜0);
glColorMask(GL_TRUE,GL_TRUE,

GL_TRUE,GL_TRUE);
glClear(GL_COLOR_BUFFER_BIT |

GL_DEPTH_BUFFER_BIT|
GL_STENCIL_BUFFER_BIT);

/* Draw furthest front face */



glColorMask(GL_FALSE,GL_FALSE,
GL_FALSE,GL_FALSE);

glDisable(GL_STENCIL_TEST);
glEnable(GL_DEPTH_TEST);
glDepthFunc(GL_GREATER);
glEnable(GL_CULL_FACE);
glCullFace(GL_BACK);
drawCylinders();

/* Count back-facing surfaces behind */

glEnable(GL_STENCIL_TEST);
glStencilFunc(GL_ALWAYS,0,˜0);
glStencilOp(GL_KEEP,GL_KEEP,GL_INCR);
glDepthMask(GL_FALSE);
glCullFace(GL_FRONT);
drawCylinders();

/* Reset pixels where n != stencil */

glStencilFunc(GL_NOTEQUAL,n,˜0);
glStencilOp(GL_ZERO,GL_ZERO,GL_ZERO);
glDepthFunc(GL_ALWAYS);
glDepthMask(GL_TRUE);
glDisable(GL_CULL_FACE);
drawZfar();

/* Draw RGB image */

glColorMask(GL_TRUE,GL_TRUE,
GL_TRUE,GL_TRUE);

glDisable(GL_STENCIL_TEST);
glDepthFunc(GL_EQUAL);
glDepthMask(GL_FALSE);
glEnable(GL_CULL_FACE);
glCullFace(GL_BACK);
drawCylinders();

2.4 Timing Results

Timing results in this paper were obtained on a
1Ghz PentiumIII systemwith NVIDIA GeForce3
OpenGLgraphics,running RedHatLinux 7.1. The
algorithmswere implementedusing C++, OpenGL
and GLUT[Kilga96]. Imageswere renderedin an
1024x768window, eachgluCylinderhaving 15slices
and10stacks.

Theperformanceof SCS-Intersectovera 1000frame
periodis recordedin Table1. The graphshows the
linear relationshipbetweenthe renderingtime per
frame,andthenumberof intersectedcylinders.

3 SCSALGORITHM

The SequencedConvex Subtraction (SCS)CSGren-
deringalgorithmdraws a CSGtreeof convex objects
usingOpenGLgraphicshardware.Thealgorithmop-
eratesin threephases:pre-processing,z-buffer pro-
cessing,and�nal RGB imagecomposition.

In thepre-processingphase,theCSGtreeis converted
to sum-of-productsform by meansof tree normali-
sation[Goldf89, Rossi94]. Eachproductconsistsof
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10 59 0.016
20 33 0.031
30 22 0.044
40 17 0.059
50 14 0.073
60 11 0.087
70 10 0.101
80 9 0.115
90 8 0.130

100 7 0.144

Table1: CSG-Intersectperformance.

only intersectionandsubtractionoperations,andthe
productsare combinedvia union operations. The
CSGtree

�
� �

�
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�

1��

�

consistsof two prod-
ucts:

���

� and
�

1�� . Eachproductis processed
independentlyin the z-buffer processingphase,and
mergedinto the �nal resultusingthe z-lessz-buffer
test.Treenormalisationis view independentandonly
needsto be performedwhen the CSG treechanges.
Referto Goldfeather's papers[Goldf86, Goldf89] for
further explanationof treenormalisationandthe al-
gorithm.

A secondpre-processingstepis to determinesubtrac-
tion sequencesfor eachproduct. The optimal sub-
tractionsequenceis in front to backorder. However,
it is suf�cient to subtractin any sequencethat em-
bedsthecorrectsubtractionsequence.It canbefaster
andgenerallymuchsimplerto performextrasubtrac-
tionsthanto determinetheidealsubtractionsequence
for eachviewing direction. Subtractionsequences
canbe determinedeitherview-dependentlyor view-
independentlyusingtheSCS-Sequencealgorithm.

In the z-buffer processingphasethe z-buffer result
of eachproductis determined,andmergedinto a �-
nal z-buffer result. To begin with, intersectedob-
jectsarehandledusingthe SCS-Intersectalgorithm.
Then the subtractionsequenceis usedby the SCS-
Subtractalgorithmto processthe subtractedobjects.
The SCS-ZClipalgorithm clips the z-buffer against
intersectedobjects,andcompletelysubtractedpixels
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Figure3: Subtractionsequencefor two objects.

resetto
�,� 	��

. The productz-buffer is then merged
into the�nal z-buffer with az-lessdepthtest.

In the �nal phasethe mergedz-buffer result is used
for calculatingtheRGB imageof theCSGtree. The
front-facingsurfacesof intersectedobjects,and the
back-facingsurfacesof subtractedobjectsaredrawn
with lighting enabledandaz-equaldepthtest.

In the following sections,the SCS-Sequence,SCS-
Subtractand SCS-ZClip algorithms are discussed,
followedby thefull SCSalgorithm.

The SCS CSG rendering algorithm as presented
hereincludesrevisionswith respectto our previous
presentation[Stewa00]. Intersectedobjectsare now
handledby the

�������

SCS-Intersectalgorithm,rather
thanby the

��� ���
�

subtractionapproach.In this ver-
sion,thesubtractionsequenceneedonly includesub-
tractedobjects. The resultingperformanceimprove-
mentis veri�ed experimentallyin Section4.

3.1 SCS-Sequence

Subtractionsequencesmusthandleeverypossiblede-
pendency betweensubtractedobjectsin the product.

�

mayreveal � , which in turn reveals
�

, which will
only be renderedproperly if

�

, � and
�

are sub-
tractedin the right order. Figure3 illustratesa sub-
tractionsequenceincorporating1

�

1 � and 1 � 1

�

.
Forany viewingdirectionor con�gurationof two sub-
tractedobjects,thesequence� 1

�

1 � 1

�

ensures
thatbothpossibleorderingsarecorrectlyhandled.

Permutationembeddingsequences[Galbi76] have the
propertythatall

���

permutationsof
�

objectsareem-
bedded.A sequenceis embeddedif it canbeformed
by deletingotherentries.For example,

� �

� is em-
beddedin

�

�

�

�

�

�

�

: ���

�

�

�

��� . Permutation
embeddingsequencesof length
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or
��� � ���

can
beeasilyobtained[Stewa00].

Sequenceencodingusesa permutationdenoted
�� ,
and it' s reversal 


� . The sequenceis formedby al-
ternatingbetween


� and 
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�

copieshave been
catenated.At eachboundarybetween
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repeatedentriesarecollapsedinto one.Thelengthof
thesesequencesis
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If the maximumdepthcomplexity of the subtracted
objects is known, shortersubtractionsequencesof
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lengthcanbe used,where
�

is themaximum
numberof subtractedobjectsoverlappingany pixel.
The depth complexity can be found easily using a
stenciltest[Stewa00].
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�

�

/ ,
�

�

*

, 

�

�

�

� , 


�

�

�

�



�




�

�

�

�
� ,
�

�

/ , 
��

�

�

�

�

, 


�

�

�

�

�


	��


��


�

�

� �

�

�




�

�

�

�

�

3.2 SCS-Subtract

Subtractedobjects in a CSG product are handled
by sequencedsubtraction[Stewa00] from thez-buffer.
Each subtractioninvolves comparingthe front and
backfacingsurfacesto the z-buffer. The z-buffer is
updatedfor eachpixel volumetricallyinsidethesub-
tractedobject.

SCS-Subtract:

for each object �	� in subtraction sequence
if ��������������� �
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��������� *

else
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if �
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� and 
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Figure4: Convex SubtractionFromZ-Buffer

Figure 4 parts (b) – (d) illustrate subtractionof a
spherefrom a rectangularblock in the z-buffer. The
OpenGLstencilbuffer is usedto �ag pixels that are
volumetrically inside the subtractedsphere. The z-
buffer at thesepixels is subsequentlyreplacedwith
theback-facingsurfaceof thesubtractedsphere.

3.3 SCS-ZClip

Oncesubtractionis complete,pixels that have been
completelysubtractedareresetto

� �
	$�

. Thez-buffer
is comparedto the back-facingsurfacesof all of the
intersectedobjectsin theproduct.Pixelsfurtherthan
any back-facingsurfaceof an intersectedobjectare
reset.

SCS-ZClip:

for each pixel
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for each intersected object,
�

if
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"

	$#�%
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for each pixel
if 
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Thez-bufferclippingstepis illustratedin Figure4 (e).

3.4 SCSRendering Algorithm

The z-buffer of eachCSGproductis determinedby
applying the SCS-Intersect,SCS-SubtractandSCS-
ZClip algorithms. If thereare multiple products,a
secondz-buffer is usedfor storing the merged par-
tial result. In a �nal pass,theshadedresultis drawn
into thecolourbuffer. Thefront-facingsurfacesof in-
tersectedobjectsandtheback-facingsurfacesof sub-
tractedobjectsaredrawn with az-equaldepthtest.

SCS:

for each pixel
����������� ����	3� ��
������ ��
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for each product
for each pixel
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SCS-Intersect
SCS-Sequence
SCS-Subtract
SCS-ZClip
for each pixel

if �
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��������# �
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for each intersected object,
�

if
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�
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draw
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for each subtracted object,
�

if
�
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	$#�%
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draw
�

"
	$#�%

3.5 Discussion

Theadvantageof theSCSalgorithm,comparedto the
Goldfeather[Goldf89, Stewa98] or Trickle [Epste89]
algorithmsis that a CSG productcan be computed
using a single z-buffer. Utilising multiple z-buffers
by meansof copying canbea signi�cant bottleneck,
[Goldf89, Wiega96, Stewa98, Stewa00] dependingon
thegraphicshardwareandavailablebandwidth.The
SCSalgorithmalsomakesuseof linear-timeprocess-
ing of intersectedconvex objects,astrategy notfound
in otherCSGrenderingalgorithms.

The disadvantageof a convex representationis that
additional surface information may needto be ras-
terisedin comparisonto algorithmsthat can handle
concaveobjects.TheSCSalgorithmis thereforemost
advantageousin the context of relatively high trian-
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10 14 22 29
20 9.0 13 27
30 6.1 8.3 25
40 4.4 5.9 26
50 3.4 4.6 24
60 2.8 3.5 20
70 2.2 2.7 20
80 1.7 2.0 15
90 1.4 1.7 17

100 1.2 1.4 15

Table2: SCSswiss-cheeseperformance.

gle rasterisationperformancecomparedto z-buffer
copying[Stewa00].

4 SCSTIMING RESULTS

A CSG test model was developedfor verifying the
performanceadvantageof the SCS-Intersectalgo-
rithm. TheSwissCheesemodelin Figure5 is formed
by subtractingfour boxesfrom an ellipsoid andran-
domly subtractingsphericalholes of varied radius.

Thisresultsin aCSGproductconsistingof
� (��

sub-
tractions: �

� � ���
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Thesameshapecanbeformedby intersectingboxes
with theellipsoid,ratherthansubtractingthem. This
alternativeCSGtreeconsistsof two intersectionsand

�

subtractions:�
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The averageframe ratesfor the two CSG treesare
given in Table 2. Time per frame is plotted in the
correspondinggraph.

Thenon-lineartime requirementfor CSG-Subtractis
evidentin theincreasingslopeof thegraphs.Therela-
tiveperformanceof CSG-IntersectandCSG-Subtract
canbecontrastedby comparingSCS-Intersectin Ta-
ble 1 and SCS-Subtractin Table 2. For

�

�

* ���

,
thereis anorderof magnitudeslowdown between16
frame/secfor intersectionand1.4 frame/secfor sub-
traction.

Therelativeef�cency of SCS-Intersectis alsoevident
by contrastingthetheperformanceof thesetwo Swiss
CheeseCSGmodels.Thetreeusingintersectionop-
erationsis between15% and 30% fasterto display.
Someof this speedupis due to the

��� ���

time in-
tersectionof boxes,ratherthan

��� �����

time subtrac-
tion. Someof this speedupis alsodueto thefactthat
only two boxesneedto beintersected,ratherthanfour
boxesbeingsubtracted.

Theseresultscon�rm that making useof the SCS-
Intersectalgorithmfor intersectionsresultsin a per-
formanceimprovementover a purely subtractive al-
gorithm. They also suggestthat intersectionshould
beused(or evensubstituted,if possible)in preference
to subtractionwhereverpossible.



5 CONCLUSION

The specialcaseof intersectionbetween�nite con-
vex objectsis processedby thenew linear-time SCS-
Intersectrenderingalgorithm.Thealgorithmrequires
(roughly) three passesper object, and is therefore
highly suitablefor real-timeinteractive applications.
SCS-Intersectrequiresonestencilbuffer, onez-buffer
andnoz-buffer copying.

SCS-Intersecthasbeenincorporatedinto thegeneral
puposeSCS (SequencedConvex Subtraction) CSG
renderingalgorithm. Linear-time handlingof inter-
sections,ratherthan

���������

timesubtractionresultsin
substantialspeedup,dependingon the relative num-
berof intersections.

CSGproductsof around100 convex objectscanbe
displayedat interactiveframe-ratesathighresolution.
NVIDIA GeForce3hardwarecan display 100 inter-
sectedcylinders at approximately7 frame/sec,and
50 subtractedspheresat approximately5 frame/sec
at1024x768resolution.

5.1 Futur eWork

We believe that there remainsscopeto further im-
prove theperformanceof convex subtractionby pro-
ducing shortersubtractionsequences.This can be
facilitatedby theanalysisof adjacency (intersection)
informationbetweensubtractedobjects,without per-
forming full depth-sortingfor every frame.
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